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Green [Proc. Roy. Sot. Math A 327 (1956), 574-5811 proved that if G is a finite 
p-group of order p” and M(G) is its Schur multiplier of order P”“~‘, then 
m(G) < fn(n - 1). We consider, among other things, the case when m(G) = in(n - 1) 
and then prove that if this equality holds, then G = E(p”), that is, G is an elemen- 
tary abelian group of order p”. 0 1991 Academic Press, Inc. 
We need the following: 
LEMMA 1 (Schur; see Proposition 4.1.3 in[2]). Let G = C(p”) x ... x
C(ped), where e, < ... d ed, e, + . . . + ed = n, and C(n) is a cyclic group of 
order n. Then M(G) = C( pe’)(d ~ ’)x qpy- 2) x . . . x C(p”-I), where H(‘) 
is a direct product of t copies of a group H and H(O) = 1. 
COROLLARY 2. Let G be an abelian group of order p” as in Lemma 1. 
Then m(G)=(d-l)e,+(d-2)e,+ ... +e,_,=(n-ee,)+(n+e,-ee,_,) 
. . . + (n-ed- ... -ez) < (n-l)+(n-2)+ ..’ +(n-d+l)<$n(n-1). 
Aso, m(G)=$z(n-l)oG=E(p”). 
We use the following: 
LEMMA 3 (Wiegold; seeLemma 4.1.12 in [2]). Suppose that G/Z(G) is 
a p-group of order p”. Then G’ is a p-group and IG’l =p* for t < $n(n - 1). 
THEOREM 4. Let G be a finite p-group of order p”. If m(G) = in(n - 1) 
then G = E( p”). 
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Prooj Let f be a representation groupof G. Then r’ n Z(r) contains 
a subgroup Mr M(G) with T/M= G. By Lemma 3, 
p)n(~- ‘I= [MI < p-‘I q,#/21~(~- ‘1, 
and hence M = I-’ and G E T/M = T/f’ is abelian. 
Now G = E(p”) by Corollary 2. 1 
Theorem 6investigates a more general situation when IG/Z(G)l = p” and 
(lP)n(n- 1) IG’I =p . 
Let Z,(G) be the second term of the upper central series of ap-group G.
LEMMA 5. Let G be a p-group with [G/Z(G)] =p”. Then IG’l =
P 
(1/2)n(n-1)-s where s>O is an integer and I(G/Z(G))‘l <p’+“. Zf 
I(G/Z(G))‘l I, +‘, then Z,( G)/Z( G) has exponent p.
Proof: Without loss of generality assume that G is nonabelian. Then 
G/Z(G) is not cyclic and n > 1. 
Let z0 be a fixed lement ofZ,(G) -Z(G). For x E G let d(x) = [x, zO] =
x ~ ‘zo ‘xzo. Then, by Griin’s Lemma, 4 is a homomorphism of G 
into [G, zO]. Set Im +4 =N and INI =p”. Obviously, Ker 4 = C,(zO) 2 
(z,, Z(G))>Z(G). Therefore IG: C,(z,)l <p”-‘. Since NEG/C,(Z,), we
obtain v < n - 1. Let pb = [G/N : Z(G/N)(. Since z0 N E Z(G/N), we have 
b<n- 1. Now N= [G,zO] <G’, so that lG’( = IN1 .G’/N(. Byinduction, 
lG’/NI <p(“2)b(b- I). Therefore 
(IIZ)b(b-l)+v IG’ldp 
Since b < n - 1 and v Q n - 1, we obtain 
(1) 
(G’I <p(l/2)n(- 1) and IG’I =P (1/2)n(n- I)-., (2) 
with an integer ~20. By (1) we have v>$z(n-l)-s-kb(b-l)> 
$z(n- l)-s-$(n- l)(n-2) = n- 1 -.r. Hence, pn-‘ps <pp’ = (NI = 
1G : C,(zJ. Since G/C,(z,)g N (<Z(G)) is abelian, we obtain 
G’Z(G) <C&z,,). Therefore IG: G’Z(G)I 2 JG : C&z,)1 >p”-I-“. This 
inequality implies I(G/Z(G))‘I < IG/Z(G)l/pn-‘~S=pn/pn-l-S=pS+l. 
Now let [(G/Z(G))‘/ =pl fs. Since G’Z(G) dC,(z,) for every Z~E 
Z$?;Z(G), we have (G:C,(z,)l< JG:G’Z(G)) = IG/Z(G):(G/Z(G))‘I = 
P . Since (NI = JG : C,(z,)l, we obtain v< n - 1 --s. Suppose that 
z[ 4 Z(G) for some z. E Z,(G)-Z(G) (in other words, exp Z,(G)/Z(G) >p . 
It follows from z~NEZ(G/N), where N = [G, z,], that (G/N: Z(G/N)( < 
P n-2. Thus, by Lemma 3 or by induction, IG’/Nl <p(1/2)(n-2)(np3) 
and lG’1 = INI .lG’/Nl < IG : G’Z(G)l . G’/Nl ~pn-1-s+(1’2)(n-2)(n-3), or 
In(n-l)-sdn-l-s+I(n-2)(n-3)andn~2.ThusG/Z(G)isabelian 
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of order p” <p2, and G = Z,(G). Since xp Z,(G)/Z(G) >p, G/Z(G) is 
cyclic and G is abelian, which is a contradiction, 1 
A p-group G is called xtraspecial if its center Z(G) coincides with its 
commutator subgroup G’and has order p. The order of an extraspecial 
group is p’ + 2m and we denote such agroup by ES(m, p). 
THEOREM 6. Let G be a p-group such that IG/Z(G)I =p”. If 
IG’I =P (‘/*M~-~) then either G/Z(G) = E(p”) or G/Z(G) = ES(i(n - l), p). 
Proof: We have s = 0 in notations f Lemma 5. Then, by Lemma 5, 
I(W(G))‘I QP. 
Let G/Z(G) be abelian. Take z0 E G - Z(G). If zi $ Z(G), then bd n - 2 
in notations f Lemma 5, so that in(n - 1) = log, IG’( < i(n - 2)(n - 3) + 
(n - 2) = $(n - l)(n -2) which is a contradiction. In this case, G/Z(G) =
E(p”), an elementary g oup of orderp”. 
Now let IG/Z(G))‘l =p.Then, by Lemma 5, exp Z,(G)/Z(G) =p. Sup- 
pose that Z,( G)/Z( G) contains two distinct subgroups A/Z(G) and B( Z( G) 
of order p. Let A= (z,,,Z(G)) and B= (yo,Z(G)). By (1) we have 
v = n - 1 = b for every z0 E G - Z(G). Therefore, G/C,( yO) is abelian of
order p”-‘. Thus G’ Q CG(zO) n C,( y,) =Z(G) and G/Z(G) is abelian, which 
is a contradiction. Therefore, the abelian group Z,(G)/Z(G) of exponent p 
has the only subgroup of order p, and hence IZ,(G)/Z(G)l =p. Since 
((G/Z(G))‘\ =p and (G/Z(G))‘<Z,(G)/Z(G), we obtain (G/Z(G))‘= 
Z,(G)/Z(G) = Z( (G/Z( G)) and these are groups of order p. Thus G/Z(G) 
is extraspecial of order p”, that is, G/Z(G) =ES($(n - l), p). 1 
As a corollary to Theorem 6we obtain the following: 
THEOREM 7. Let G be a p-group of order p” and let m(G) = 
fn(n - 1) - 1. Then either G = C(p2) or G = ES( 1, p) of exponent p > 2. 
Proof: Obviously, G = C(p’) and G = ES( 1, p) of exponent p >2 satisfy 
our condition (for the latter group, see Theorem 4.7.3 in[a]). 
Now let m(G) = in(n - 1) - 1 and let f be the representation groupof G. 
Then r’ n Z(T) contains a subgroup M z M(G) with T/M= G. Obviously, 
G’ z r’/M and \r: Z(r)1 < Ir: MI = ]G( =p”, so that log, ]r’( = 
$n(n- l)-s>m(G)=jn(n-1)-l, byLemma5, and hence s< 1. 
Suppose that M< Z(T). Then Ir: Z(r)] Sp”-’ and, by Lemma 3 or 5, 
$(n - l)(n -2) > log, lr’] > log,, IMj = m(G) = in(n - 1) - 1 
and n < 2. In this case G= C(p’). Now let M = Z(T) and suppose that G
is not cyclic. By Lemma 1, G is not elementary. Therefore n > 2. If G 
is abelian as in Lemma 1, then, since d> 1 and ed> 1, we have 
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m(G)=(n-e(l)+ ... + (n-e,- ... -e2) < (n-2)+(n-3)+ “. + 1 = 
;(n-l)(n-2)<$z(n-l)-1 as, by our assumption, n B 3in the abelian 
case. 
Now suppose that G is not abelian. Then A4 < r’. Therefore $n(n - 1) - 
s = log, Ir’l> log, iA41 = $n(n - 1) - 1, and hence s= 0. By Theorem 6, 
G z T/Z(T) =T/M = ES(i(n - I), p). If n> 3 then, by Theorem 4.7.3 of[2], 
m(G) = 2{~(n-1)}2-~(n-1)-1 = ;(n-1)(+2)-l < $+-1)-l, 
which is a contradiction. Thus n = 3 and G is nonabelian of order p3 and 
exponent p. a 
Remark. Theorem 6solves Exercise 6.41 from the book [3] (for further 
information in this direction, see xercises at the nd of Chapter 6 of [3]). 
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